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Abstract 



Chirivi and Maffei |CM 11| have proved that the multiplication of sec- 
tions of any two ample spherical line bundles on the wonderful symmetric 
variety X — G/H is surjective. We have proved two criterions that allows 
ourselves to reduce the same problem on a (smooth) complete symmetric 
variety to the corresponding problem on the complete toric variety (re- 
spectively to the open toric variety). We have also studied in details some 
family of complete symmetric varieties, in particular those of rank 2. 

In this work we will study the projective normality of complete symmetric 
varieties. Let G be an adjoint semisimple group over C and let 6 be an involution 
of G. We define H as the subgroup of the elements fixed by 6 and we will say 
that G/H is a homogeneous symmetric variety. De Concini and Procesi |CSV I| 
have defined a wonderful completion of G/H and this is the unique wonderful 
completion of G/H. In this work we will define a complete symmetric variety as 
an G-variety with a dense open orbit isomorphic to G/H and a G-equivariant 
map Y — > X extending the identity of G/H. They are be classified by De 
Concini and Procesi CSV II . Indeed they showed that there is an equivalence 
of categories between the category of complete symmetric varieties and the 
category of toric varieties over an affine space A ( considered as a (C*) ( variety 
in the obvious way, where / is the rank of G/H. Moreover there is a one-to-one 
correspondence between the completions Y of G/H which lie over X and the 
elements of a special class of complete toric varieties. One can show that the 
complete toric variety Z c corresponding to a complete symmetric variety Y is 
a subvariety of Y and the open toric variety Z corresponding to Y is an open 
subvariety of Z c . 

In this work, unless explicitly stated, we shall always assume that the com- 
plete symmetric variety Y is smooth. Recall that by jCSV 11| it then follows 
that: 1) any orbit closure in Y is also smooth; 2) the associated toric varieties 
Z and Z c are both smooth. 

Our work consist of two parts. In the first one we will reduce the study 
of the projective normality of the complete symmetric varieties to the study of 
projective normality of the corresponding complete toric varieties. First of all 
we will prove that a complete symmetric variety is projective if and only if the 
corresponding complete toric variety is projective. Moreover they are projective 
if and only if the associated open toric variety is quasi-projective. 

Chirivi and Maffei |CM TTj have proved the following result which easily 
implies the projective normality of X with respect to any projective embedding 
by a complete linear system. 

Theorem 0.1 Let L\ and L% be any two line bundles generated by global sec- 
tions on the wonderful complete symmetric variety X. Then the product of 
sections 

H°(X, L x ) ® H°(X, Li) — > H°(X, L\ ® L 2 ) 

is surjective. 
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We will try to generalize this results to any complete symmetric variety. First 
we will prove that the surjectivity of the product of sections of two ample line 
bundles on a complete symmetric variety is equivalent to the surjectivity of the 
product of sections of the restrictions of the line bundles to the corresponding 
complete toric variety. Thus we will have reduced the problem to a problem 
on toric varieties. Unfortunately, it is very difficult to verify the surjectivity of 
the product of sections of any two ample line bundles on a generic complete 
toric variety. However, we can simplify the problem for the special class of 
complete toric varieties which we are considering. Indeed we will prove that the 
surjectivity of the product of sections of two ample line bundle on Z c , say L\ and 
L2, is equivalent to the surjectivity of the product of sections of the restrictions of 
the line bundles to Z. This problem is much simpler, because H°(Z, L\\Z) and 
H (Z, L%\Z) are infinite dimensional vector spaces and it is sufficient to prove 
that a suitable finite dimensional subspace of H°(Z, (Li <g) L-i)\Z) is contained 
in the image of the product of sections. Indeed we will prove that, given any 
ample line bundle L on Z c , H°(Z, L\Z) is generated by H°(Z C , L\Z C ) as an 
O z (Z)-module. 

In the second part of this work we will study the suriectivity of the product 
of sections of an ample line bundle on a toric variety proper over A 1 . If the 
variety has dimension 2, we will prove the product of sections of any two ample 
line bundles is surjective. If the dimension of the variety is larger than 2, we 
will find a infinite number of varieties proper over A 1 such that, for any ample 
line bundle L on a such variety Z, the product of sections of L 

H°(Z, L) ® H°(Z, L) — > H°(Z, L®L) 

is surjective. 

We would like to thank C. De Concini for the continuous help. Moreover we 
would like to thank W. Fulton for some useful information. 

1 Introduction 

Let G be a semisimple simply connected algebraic group over C and let 9 be 
an involution of G. We define H as the normalizer Ng{G 9 ) of the subgroup of 
6*-fixpoints. Let G be the adjoint semisimple group associated to G and let H 
be the subgroup of the elements fixed by the involution induced by 9, then G/H 
is isomorphic to G/H through the map induced by the quotient map G — > G. 

Definition 1.1 We will say that G/H is a homogeneous symmetric variety (of 
adjoint type). 

We can associate a possibly not reduced root system to G/H (see |He| ~). Let 
T 1 be a torus of G such that: 1) 9(t) = i -1 for each t G T ; 2) the dimension I 
of T 1 is maximal. Let T be a maximal torus which contains T l . One can show 
that T is stabilized by 9, so 9 induces an involution on x*(T)n, which we call 
again 9. This involution stabilizes the root system of G and it is orthogonal 
with respect to the Killing form. We can choose a Borel subgroup B of G such 
that the associated set of positive roots has the following property: for each 
a G (p + either 9(a) is equal to a or 9(a) is a negative root. For each root a 
we define a s = a — 9(a). The set {a s ^ : a G <f>} is a possibly not reduced 
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root system of rank I called the restricted root system. We will say that the 
not-zero a s are restricted roots and that I is the rank of G/H. The restricted 
roots generate the (— l)-eigenspace of x*(T)r. 

We now want to describe the lattice of integral weights of cf> s . Let A be the 
lattice of integral weights of <j> and let A + be the set of dominant weights. For 
each a £ T, let oj a be the fundamental weight associated to a. Moreover, for 
each dominant weight A, let V\ be the irreducible representation of G of highest 
weight A. We will say that a dominant weight A is spherical if V\ contains a 
not-zero vector fixed by the Lie algebra f) of H. Moreover we will say that a 
weight fj, is special if 9(fi) = —fi. Let be the lattice generated by the spherical 
weights and let A 1 be the lattice of the special weights. One can easily show 
that 2A 1 C £1 C A 1 . We can describe more explicitly. Let <f>o be the set of root 
fixed by 9 and let cf)i = (p — cfto- We set F = Fn^o and Ti = Tn^i where F is the 
basis of </> associated to cf) + . The set V s = {a s : a G Fi} is a base of 4> s . 9 induces 
an involution 9 of Ti such that, for each a € T\, 9(a) — —6(a) — f3 a where (5 a 
is a linear combination with positive integral coefficients of simple roots fixed 
by 9. We can order the simple roots a±, a;, ai;+i, a/+ s , tty+ s +i, a m so 
that on is fixed by 9 if and only if i > I + s. Moreover we can suppose that 
af, ...,a z s are distinct. For each i = 1, ...I we define u>i as follows: if 9(a) = a 
then uji = Lu ai , otherwise u>i = uj ai — 9(uj ai ) = Lo ai — LOg^ a .y A weight is special 
if and only if it is a linear combination of the weight u)\, u>i, so {uj\, ui{\ is 
a basis of A 1 . Moreover we can use these weights to give the following explicit 
description of 17. 

Proposition 1.1 (Lemma 2.1 and Theorem 2.3 in [CM I ) Let fl + be 

the set of spherical weights, then Q l~l A + = Q + . Moreover ft — © i= j ZaiUJi 
where S {1,2} for each i. is equal to 2 if 9(ai) = —014, while it is equal 
to 1 if 9(ai) ^ —ai. In particular a,; — 1 if 9(ai) ^ ai. For each i and j 
we have < aitUi, (ctj) v >= bidij where (a|) v is the coroot associated to and 

bi € {1,2}. bj = 2 if and only if 2a j £ (f>. In particular, if <f> is reduced then 
CJ1CJ1, ...,a/w; are the fundamental weights dual to (ai) v , (af) v . 

Notice that the proposition implies that the fundamental Weyl chamber C + 
of <fi is the intersection of Mr with the fundamental Weyl chamber A + of <f>. 
We will say that a special weight Yl n i UJ i i s regular if > for each i. Thus 
a spherical weight is regular if and only if it is a strongly dominant weight of 
the restricted root system (with respect to the basis r s ). The Weyl group W 1 
of the restricted root system is called the restricted Weyl group and it has the 
following description. 

Proposition 1.2 (See 1.8 in CSj) O ne can identify the restricted Weyl group 
W 1 with the group {w € W : w ■ t\ C ti}/Wo, where W is the Weyl group of <p 
and Wq is the Weyl group of the root system tfio (in x*(T°)r). 

Dc Concini and Procesi have defined a wonderful compactification of G/H. 
Let A be a regular spherical weight and let k\ be a not-zero vector of V\ fixed 
by f). One can show that k\ is unique up to a not-zero scalar. Let xq be 
the class of k\ in P(Va). De Concini and Procesi have defined the wonderful 
compactification X of G/H as the closure of Gxo in P(Va)- 

We now want to give a local description of X. Let T° be the connected 
component of the subgroup of the invariant of T and let S be the quotient of T 1 
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by T 1 n T°. Choose a basis of weight vectors and consider the affine open set A 
of P(V) where the coordinate corresponding to the highest weight v\ is not zero. 
Observe that A n X is U~ stable, where U~ is the unipotent group associated 
to — namely U~~ — Y[- a eck + ^ a as a var i e ty One can show that the closure 
of T[k] in A is an affine space A 1 with coordinates — af , —Off- Moreover the 
map 93 : L/~ x A ( — > A n X given by (/?(<?, u) = <? • v is an isomorphism. For 
each i, let be the divisor of X whose intersection with U~ x A' is the 

locus of zeroes of —a*. De Concini and Procesi have proved that X is wonderful 
according to the definition of Luna: 

Theorem 1.1 (Theorem 3.1 in |CSV I| ) Let X be as before, then: 

1. the stabilizer of xq is H; 

2. X is a smooth projective G-variety; 

3. X\(G ■ [k]) is a divisor with normal crossings. It has irreducible compo- 
nents X- a s, ...j X- a s and they are smooth subvarieties of X; 

4- the G-orbits of X correspond to the subsets of {1, 2, /}, so that the orbit 

closures are the intersections X- a s R ... H X^ a = ; 

•1 

5. there is an unique closed orbit |") i=1 X- a s and it is isomorphic to G/P, 
where P is the parabolic subgroup of G associated to Tq, i.e. its Lie algebra 
is t© Q g0 oU 0+ 0q/ 

6. X does not depend by A. 

De Concini and Procesi have also classified the embeddings of G/H over Y 
i.e. the G varieties Y with a open orbit isomorphic to G/H and an equivariant 
map 7r : Y — > X extending the identity map of G/H. We will say that a such 
variety is a complete symmetric variety if it is complete. 

Theorem 1.2 There is an equivalence between the category of complete sym- 
metric varieties and the category of toric varieties proper over A 1 . Given a 
complete symmetric variety tt : Y — > X the corresponding open toric variety 
Z is the inverse image of A 1 in Y . Moreover Y is smooth if and only if Z is 
smooth. 

One can show that the inverse image of the open set U~ x A ( is iso- 
morphic to U~ x 7r _1 (A i ) in a U~ ■ T equivariant way. Moreover the G or- 
bits of Y are in one-to-one correspondence to the S orbits of Z. The linear 

map X*($)r. X*(^' 1 )r induced in an obvious way by the quotient map 

y 1 »- S is an isomorphism, while the linear map x*(T)r >■ x*(£)r 

induced by the canonical injection y 1 ^ s- T is surjective. Thus we obtain a 

surjective map x*(^)r ^ X*(S)r , whose restriction to the (-l)-eigenspace 

is an isomorphism. This map allow ourselves to identify x*{S) with the lat- 
tice M generated by the restricted roots. We call N the dual group of M, i.e. 
N = Hom(M,Z). 

De Concini and Procesi have also proved that there is an one-to-one cor- 
respondence between the complete symmetric varieties and a class of complete 
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toric varieties. The closure Zq of A in X is the complete toric variety whose 
fan is composed by the Weyl chambers and their faces. 

Theorem 1.3 There is an one to one correspondence between complete sym- 
metric varieties and complete toric S-varieties over Zq whose fan is W 1 invari- 
ant. 

Given a complete symmetric variety 7r : Y — ► X the corresponding complete 
toric variety Z c is the inverse image of Zq in Y. One can show that Z c is 
the closure of Z in Y. Moreover Y is smooth if and only if Z c is smooth. 
In this work, unless explicitly stated, we shall always assume that the complete 
symmetric variety Y is smooth. In this case any orbit closure in Y is also 
smooth. 

We now want to study the line bundles on a complete symmetric variety. 
We begin with the wonderful case. First of all, we can identify the Picard group 
of the wonderful symmetric variety X with a subgroup Ax of the lattice A of 
integral weights of G. Indeed De Concini and Procesi have proved that: 

Proposition 1.3 (Proposition 8.1 in jCSV Ij ) The map Pic(X) -> Pic(G/P) 
induced by the canonical inclusion is injective. 

Remember that we can identify Pic(G/P) with a sublattice of the lattice of 
weights. Pic{G/P) = Pica(G/ P) because G/P is a spherical variety. Thus to 
any linearized line bundle L G Pica(G / P) we associate the opposite A of the 
character —A with which T acts on the fibre over P G G/P. Because of the 
previous proposition, we denote a line bundle on X with L\ if its image is the 
weight A. Let A be a dominant weight such that P(V\) contains a line r fixed 
by H, for example A G One can show that the map G/H 5 gH — > gr 

can be extended to a morphism ip\ : X — > P(Va). The line bundle ip\0(l) is 
L\. Thus, given a line bundle on X such that \i is dominant, there is a 
sub-representation of H°(X, L M ) isomorphic to V* and obtained by pullback of 
H (P(V M ), 0(1)) to X. H°(X, Lp) is multiplicity free because X is a spherical 
variety, so the previous representation is unique and we can call it V*. Before 
to give an explicit description of Pic(X) we need a definition. 

Definition 1.2 We will say that a root a € T% is an exceptional root if 9(a) a 
and < a, 0(a) >^ 0. Moreover we will say that G/H is exceptional if there is 
an exceptional root. We will say that a compactification of G/H is exceptional 
if G/H is exceptional. 

Theorem 1.4 (Theorem 4.8 in |CSJ) Pic(X) is generated by the spherical 
weights and by the fundamental weights corresponding to the exceptional roots. 

We now consider the general case following Bi . First of all we introduce 
some notations that we will often use. Let X be the wonderful complete variety 
and let Y be the complete symmetric variety over X associated to a toric variety 
Z proper over A ; . We will call A the fan of Z and A c the fan of Z°. We shall 
denote the fan of Zq := A 1 by Ao and the fan of Zq by Ag. Let o 7 be the S- 
orbit of Z associated to 7 G A. We will call O t the G-orbit of Y corresponding 
to o T . We shall denote by Z 1 the stable subvariety of Z associated to 7 G A, 
by Z^ the stable subvariety of Z c associated to 7 G A c and by Y 1 the stable 
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subvariety of Y associated to 7 G A. We set A(i) = {7 G A : dim 7 = i} and 
A c (i) = {7 e A c : dim 7 = i}. 

Remember that the closed orbits O a of Y are in one-to-one correspondence 
with the maximal cones of the fan A associated to Z . Moreover they are all 
isomorphic to the unique closed orbit of X through the restriction of the pro- 
jection, so we can identify Pic(O a ) with Ax for each a G A(Z). One can easily 
show that Pic(Z) is freely generated by the line bundles 0(Z T ) where r varies 
in the set A(l)\Ao(l). The following theorem gives a complete description of 
PiciY). Given a cone 7 C N-r, we will call 7- 1 the subspace of Mr of the vectors 
which vanishes on 7. 

Theorem 1.5 (Theorem 2.4 in [Bi|) Let Y be the complete symmetric va- 
riety associated to Z . Then 

1. The maps Z^ — Y — — X induce the split exact sequence 

>- Pic(X) Pic(Y) — ^ Pic(Z) ^ 0, 

so Pic(Y) is (not canonically) isomorphic to Pic(X) © Pic(Z). 

2. A section of the previous split short exact sequence is given by sending the 
free generators 0(Z T ), with r G A(1)\A (1), to 0(Y T ). Thus 

Pic{Y) = tt*Pic{X) © ZO{Y T ). 

T£A(1)\A (1) 

3. The morphism given by the restriction to the closed orbits 

cf : Pic{Y) -> Yl Pic(O a ) 
o-eA(i) 

is injective and its image can be identified with the lattice 
A Y = {h = (h\a) 6 \[ A * c IT A: h\a - h\a' € M n (a f] a') x 

<TGA(i) <TGA(i) 

V cr, a' G A(0-} 

We will indicate with Lh the line bundle whose image is h. PiciY) is iso- 
morphic to the group of equivariant line bundles PicciY) because G is simply 
connected and Y is complete. Moreover, given a line bundle Lh, —h a is the 
character of the action of T on the fibre over the T-stable point O a H Z. In 
a similar way, we define h c as the set (h\a) where a varies in A C (Z) and — h a 
is the character of the action of T on the fibre over the T-stable point of Z c 
corresponding to a. In some case we can give an useful interpretation of h and 
h c . Before doing it, we need to give some definitions. Let M' be a lattice in 
Mr which contains M. 
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Definition 1.3 A real valued function h : |A| — > R on the support of A is 
called a (A, M') -linear function if h is linear on each a € A. Let h\a be the 
unique linear function which coincide with h on a. We request moreover that 
h\a belongs to M' and that h\o\ — h\a 2 belongs to M for each a, u\ and cr 2 in 
A(l). Let SF(A,M') be the additive group of the (M' , A) -linear functions. 

Sometimes we say that an element h of SF(A, M') is a A linear function. We 
can think a A- linear function as a function h : TVr — > RU {— oo}. We say that a 
A linear function h is convex if h(v + v') > h(v) + h(v') for each v, v' e | A|. We 
say that h is strictly convex on A if moreover h\a ^ h\a' for each a, a' 6 A (I). 
Observe that, given any h e SF(A, M'), there is a positive integer n such that 
nh is (A, M)-linear function. One can show that, if a torus S' is a etale cover of 
S with character group M', then we can identify SF(A, M') with the group of 

5"-linearized line bundles on Z (5" acts on Z by the quotient map S' *■ S ) • 

We can suppose that — h\a is the character of S' on the fibre L(x a ) over the 
S'-stable point x a associated to any maximal cone a of A. 

Definition 1.4 Let Lh be a line bundle on Y. We will say that Lh is almost 
spherical if h\a belongs to lattice generated by the spherical weights for each 
a G A(7). Moreover we will say that Lh is spherical if h\a is a spherical weight 
for each a G A(Z). We will say that h is almost spherical (respectively spherical) 
if Lh is almost spherical (respectively spherical). 

Observe that if Lh is an almost spherical line bundle, then we can think 
h as a (A, Ax) linear function and h c as a (A c ,Ax) linear function. We now 
want to describe the sections of a line bundle over Y. Observe that the space of 
sections is multiplicity-free because Y is a spherical variety, i.e. it has a dense 
i3-orbit. Now we want to define sets in bijective correspondence with the sets 
of the irreducible subrepresentations respectively of H a (Y, L), H°(Z, L\Z) and 
H°(Z C ,L\Z C ). 

Definition 1.5 Given h 6 Ay let 

n(z,h) = {»e p| (h\* + (Mn&))}, 

creA(l) 

U(Z c ,h) = {fie pi (h\a+ (MHcr)) 

<7£A'(() 

and 

Il(Y,h) = U(Z,h)f)A+. 

Before we describe the sections of Lh, we want to rewrite the conditions for 
a weight to belong to H(Z, h), respectively to H(Z C , h). 

Lemma 1.1 Let X be a weight in Ax and let h be in Ay. Then: 
1. A G n(Z, h) if and only if A > h as functions on A 
I?. A £ n(Z c , h) if and only if A > h c as functions on Nr 
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Theorem 1.6 (Theorem 3.4 in |BiJ) Let Lh be a line bundle on Y. Then 

H°(Y,L h )= v;. 

f^eu(Y,h) 

In particular H (Y, Lh) ^ if and only ifXV{Y, h) is not empty. 

We want to give an idea of a possible construction of H°(Y, Lh)- We need 
the following lemma. 

Lemma 1.2 (Lemma 2.7 in |BiJ) 0(Y T ) is an almost spherical line bundle 
whose associated A-linear function d T satisfies the equalities d T (g(r')) = —5 T . T i 
for each r' 6 A(l). Moreover, if define s T £ H(Y,Ld^) as the unique, up to a 
scalar, section s T G H(Y,Ld^) whose divisor is Y T , then it is G invariant. 

Observe that, given A S Ax, then A e U(Z, h) if and only if h = A+^ t£ a(i) a rd r 
where a T is a positive integer for each r € A(l). Let A € n(Y, h) and remember 
that H°(X,L X ) contains V A *. H°(X,L X ) C H°(Y,tt*L x ), so H°{Y,tt*L x ) con- 
tains a lowest weight vector v-\ of weight —A. There are positive constants a T 
such that h — A = X)tsA(i) q t^ t because of the lemma ITTI Thus v_\ ■ Y\s^ T 
is a not-zero section of H°(Y,Lh) with weight —A because the sections s T are 
G-invariant. Moreover V—\ • Yl S ? T is invariant by the unipotent part of the 
opposite B~ of the fixed Borel group of G. Thus H°(Y,L h ) D 0^ en (Y,/,) V£. 
Because of the previous theorem we give the following definition: 

Definition 1.6 Given h in Ay and A in H(Y, h), we write h = A+^ reA( - 1 -) a T d T 
for suitable a T e Z*~ . We define s h ~ x as the section JJs^ T of H°(Y,Lh-\). 

We want to describe also the the sections over Z, respectively over Z c . 

Proposition 1.4 Let Lh be a line bundle on Y . Then 

1. 

H°(z,L h \z)= cy\ 

H&l{Z,h) 

where x^ 1 is a T -seminvariant section of weight — fi. In particular H [Z, Lt\Z) 
=/= if and only ifTl(Z, h) is not empty. 

2. 

H°(z c ,L h \z c )= cy\ 

ti£lI(Z c ,h) 

In particular H°(Z C , Lh\Z c ) ^ if and only ifH(Z c , h) is not empty. 

Remark. Let 7r : Y — » Y' be an G-equivariant morphism between two 
complete symmetric varieties and let Lh be a line bundle on Y' . Then the 
pullback ir*(Lh) is the line bundle on Y associated to h and H (Y, n*(Lh)) — 
H°{Y',L h ). 

Now we want to explain some relations between the previous sets. 
Corollary 1.1 (Corollary 4.1 in pBi ) Given h G IV, we have the equality 

n{Y,h) = n(2 c ,/i)nA+. 



8 



If Lh is almost spherical, we can say more. 

Proposition 1.5 (Proposition 4.2 and theorem 4.2 in [Bi] ) // h G Ay is 

almost spherical, then 

II(Z c ,/i)= (J w-IL(Y,h). 

wEW 1 

Moreover the restriction map H°(Y,Lh) — > H°(Z C , Lh\Z c ) is surjective. 

We want to make some remark on the second part of the proposition. Let 
ui-/ie II(Z C , /i) with fx G U(Y, ft,). Any section s £ V* C H°(Y, L h ) of weight 
— w ■ fi has not-zero restriction to Z c because U~ ■ Z c is dense in Y. Moreover, 
up to choose another basis of the root system, we can suppose that it is lowest 
weight vector. 

Remember that there is an one-to-one correspondence between the convex 
functions on Nn with values in RU oo and the convex sets in Mr, which send a 
convex function h to the convex set Qh — {m € Mr : m(v) > h(v), V v G Nr}. 
Moreover h(v) = inf{m(v): to G Qh} for each v G N-r. To every linearized line 
bundle Lh on a toric variety we associated the polyhedron Qh- We want to do 
the same with the line bundles on a complete symmetric variety. (Remember 
that a polyhedron is the intersection of a finite number of semispaces). 

Definition 1.7 Let Y be a complete symmetric variety and let Lh be an almost 
spherical line bundle on Y . We define the polytope associated to Lh as 

P h = {me M R : m(v) > h c (v) Vw G |A C |}. 
Moreover we define the polyhedron associated to h as 

Q h = {me M R : m(v) > h(v) \fv G |A|}. 

Observe that P h = {m G Mr : to(£>(t)) > h c (g(r)) V r G A c (l)} and Q h = 
{to G Mr : m(g(T)) > h{g(r)) Vr G A(l)}. 

2 Ample line bundles and line bundles gener- 
ated by global sections 

Brion [Kr] has found a characterization of the ample line bundles (respectively 
the line bundles generated by global sections) on a spherical variety. Now we 
want to find different conditions for a line bundle on a complete symmetric 
variety to be generated by global sections, respectively to be ample. 

Proposition 2.1 Let Lh be a line bundle on Y. Then 

1. Lh is generated by global sections if and only if h is convex and h\o~ is 
dominant for each a G A(Z). 

2. Lh is very ample if and only if h is strictly convex on A and h\o~ is a 
regular weight for each a G A(2). 

3. Lh is ample if and only if it is very ample. 
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Proof. One can easily show the necessity of the conditions. Indeed if L is 
generated by global sections (respectively is ample) then the restrictions of L 
to Z and to any closed orbit O a are generated by global sections (respectively 
are ample). To prove the sufficiency of the condition in the first point we need 
a lemma. 

Lemma 2.1 If h is convex and h\a is dominant then the restriction map to the 
closed orbit O a 

H°(Y,L h )^H°(O a ,L h \O a ) 

is surjective. 

Proof. We have H°(O a , Lh\O a ) = V£, because h\a is dominant. Moreover 
there is a lowest weight vector ip G H®(Y,Lh) of weight —h\a because of the 
convexity of h. Hence, because of the irreducibility of Vj*. , it is sufficient to 
prove that the restriction of ip to O a is not zero. Observe that ip = ip' ■ Yl , 
where ip' is a lowest weight vector of V^* C H°(Y, Ly l \ a ) and > only if r, 
is not contained in a. Recall the s Ti vanishes exactly on Y Ti and observe that 
ip'\O a because L h \ a \O a is the line bundle corresponding to h\a. □ 

Now we can prove the sufficiency of the condition in the first point. If the 
locus of base points is not empty, then it contains a closed orbit O a , because 
it is closed and stabilized by G. Given any y G O a there is a section H G 
H°(O a , Lh\O a ) such that s(y) ^ because h\a is dominant. This section can 
be extended to a global section over Y because of the previous lemma. This is 
a contradiction. 

Now we want to show the sufficiency of the condition in the second point 
if Lh is spherical. First of all we want to show that Lh\Z is very ample, or 
better still that Lh\Z c is very ample. h c is convex because of the first point of 
the proposition. Suppose by contradiction that there are two distinct maximal 
cones a and a' such that h\a = h\a' . Let 7 be the convex cone formed by the 
points v such that h(v) = (h\o-)(v). We can suppose that a G A and that o-'^A, 
so there is an hyperplane H secant to 7 and whose intersection with <r(ei, e/) 
is a face of cr(ei, ...,e/), say cr(ei, ...,ei, ...,e;). Moreover there is a vector v of 7 
contained in the interior of |A| and such that also SiV belongs to 7. 

By hypothesis we know that h c (v) = (h\a)(v) and that h c (siv) = (si ■ 
(h\a))(v), so (h\a)(v) = (si(h\a))(v) because of the invariance of h c by W 1 . 
((h\a) — Si(h\a))(v) is strictly positive because h\a is a regular weight and v is 
in the interior of |A|; this is a contradiction. Observe that we have proved a 
more general statement. Let Z be a possibly singular toric variety proper over 
A' and let be a linearized line bundle on Z c such that h c is invariant for 
the action of W 1 . If, for each a G A(Z), h c \a is a regular weight (respectively 
a dominant weight) and h is strictly convex (respectively convex) on the fan of 
Z, then Lh<= is ample (respectively generated by global sections). 

Since Lh is generated by global sections, we have an equivariant morphism 
(p : Y -> P(V) with V = H a (Y,L)*. Let U be the locus where ip is not an 
embedding. We could try to prove this point like the previous one, namely using 
the fact that the restriction of Lh to Z, respectively to any closed orbit is very 
ample. Instead we will use the stronger fact that Lh\Z c is ample. Observe that 
the restriction of the sections from Y to Z c is surjective, while the restriction 
of the sections to Z is clearly not surjective. 
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Now we want to show that U is stable and closed in the Euclidean topology. 
U is the union of two loci: the locus U\ of the points where the differential of ip 
is not injective and the locus U2 of the points where ip is not injective. U\ and 
U2 are G-stable because <p is equivariant. U\ is closed because it is the locus of 
the zeroes of the jacobian of ip. Now we want to prove that the closure of U2 is 
contained in U. Let {x n } be any sequence in U2 and suppose that it converges 
to x £ Y. By hypothesis there is a sequence {y n } in U2 such that x n 7^ y n and 
^{xn) = p{ljn) for each n. We can suppose, up to taking sub-sequences, that 
{y n } has limit y in Y and that <p(x) = <p{y). Suppose by contradiction that x 
does not belong to U, in particular x = y. Because of the Dini theorem there is 
a open neighborhood W of x such that (p\W is a diffeomorphism onto the image 
ip(W). This is a contradiction because there is an integer no such that x n and 
y n belong to W for each n > tiq. In particular, we have proved that if XJ\ is 
empty then x must be different from y. 

First suppose that U\ is not empty, so it contains a closed orbit O a . Let x a 

be the intersection of Z and O a . The map H°(Z C , L h \Z c )* *~ H°(Y, L h )* 

dual to the restriction map is injective, so we have a commutative diagram 

Y P(H°(Y, L h )*) 

Z c ^P(H°{Z c ,L h \Z c )*) . 

ip' is an embedding because h c is strictly convex on A c , so <p{Z c ) is isomorphic 
to Z c . Let [h] be the image <p(H) of H £ G/H and let [vh\a\ be the image of x a . 
Observe that {v h \ a } is the class of a highest weight vector of V h \ a C H°(Y, Lh)* . 
We can write H°(Y, Lh)* = V h \ a V for a suitable representation V . We can 
choose h — Vh\ a + Vi where the Vi are weight vectors with weights contained 
in h\a + M. Let A be the affine open set of P(H°(Y, Lh)*) where a lowest weight 
vector s £ H°(Y, Lh) of weight — h\a is not zero, i.e. A = Vh\ a + ^h\ a ® V where 
Vh\ a = Cvh\cr © Vh\ a m a ^-equivariant way. A := A n >p(Y) is B~ stable and 
its intersection with p>(Z c ) is ip(U a ), so <p{x a ) belongs to A. Indeed the set of 
points {x £ Z c : s(x) = 0} is the union of the divisor Z^ for r ^ a. 

We want to study the restriction of <p to U~ ■ U a , where U~ is the unipotent 
group whose Lie algebra is ® Q6 _0+ Q a - H°(Y,Lh)* is isomorphic to its dual 
in a 9 linear way (see lemma 1.6 fell ). Thus there is a not degenerate 
bilinear form ( , ) on H°(Y, Lh)* with the following properties: 1) given any two 
distinct irreducible components V\ and V2 of H°(Y, Lh)* , they are orthogonal; 
2) (gu,v) = for each g £ G, u, v £ H°(Y,L h )*. Let T' be the 

tangent space in Vh\ a to the orbit U~ ■ v h \ a and let T be the space generated by 
T' and u^o-. One can show that the restriction of ( , ) to T is non-degenerate, 
that T is stable under P and that the orthogonal T- 1 is stable under 9(P) (see 
lemma 2.4 |CSV Ij L Moreover U a C v h \„ + T 1 - (see lemma 2.5 in jCSV I ). Let 
q be the projection of H°(Z C , L h \Z c )* onto H°(Z C , L h \Z c )* jT^ . U~ C 8(P), 
so U~ acts on H°(Z C , Lh\Z c )* /T 1 - and the projection is equivariant. The affine 
hyperplane q(A) in H°(Z C , L h \Z c )* /T 1 - is stable by the action of U~. One 
can show that the map j : U~ — » ir(A) denned by j(u) = q{uv h \ a ) is an U~ 
equivariant isomorphism (see lemma 2.6 in CSV I ). Thus the tangent space to 
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U a at Vh\ a is orthogonal to T and the differential of (p is injective in x a . Hence 
U\ = 0, so Ui is equal to U and it is closed. 

Now suppose that U2 is not empty, so it contains a closed orbit O a . Given 
x E O a , there is y ^ x such that <p(x) = <p(y). We can suppose that y belongs to 
a closed orbit. Indeed there is an element g of G and an one parameter subgroup 
7 of T such that y' = lim t ^oj(t)gy is a point of Z fixed by T, in particular y' 
belongs to a closed orbit O a i. Moreover x 1 = lim t ^o"f{t)gx belongs to O a and 
<p{x') = (p(y'). By the previous part of the proof x' is different by y' . 

The closed orbits O a and O a > are different because L\O a is very ample. 
Because of the lemma 12.11 there is a global section s, lowest weight vector of 
weight — h\a, which does not vanish on O a , so we can suppose that s(x) =/= 
up to a translation. Since s is U~ invariant and h is strictly convex on A, s 
vanishes on a G-stable divisor of Y which contains O a > . Hence we have obtained 
a contradiction, namely <p(x) ^ <p(y). 

Finally we can consider the exceptional case. First of all we want to recall 
some facts. Let Y be a complete exceptional symmetric variety and let X be the 
corresponding wonderful variety. We can chose an order of the simple roots of <fi 
such that ot\, a s are exceptional roots with the following property: Pic(X) is 
generated by the spherical weights and by the fundamental weights oj ai , —,oj as 
corresponding respectively to ai,...,a s . Moreover, given an element h of Ay 
such that h\o~ is dominant for each a £ A (2), there are integers such that 
h! = h — a,iLQ ai is another element of Ay and h'\a € £1 for each a 6 A(Z). For 
each i we can suppose that at is positive, up to exchange on with Q(cti). If Lh 
satisfies the hypotheses of the second point, then Lh> is very ample and Lh-h' 
is generated by global sections, so Lh is very ample. 

The third point is obvious. □ 

Now, we can characterize the ample line bundles on Z . 

Proposition 2.2 Suppose that Z is a (possibly singular) toric variety proper 
over A 1 and let h e SF(A, M). Then is ample if and only if h is strictly 
convex on A. If Z is smooth then Lh is ample if and only if it is very ample. 

Proof. Suppose that Lh is ample, then there is an integer n such that L n h 
is very ample, in particular nh is convex. Hence L n h is the pullback of a line 
bundle generated by global sections on a variety Z' such that Z is proper over 
Z' and nh is strictly convex on the fan A' of Z'. Let <p : Z — > P(V) be 
an embedding such that L n h = <p*0(l), then ip factorizes through Z' because 
H°(Z', Lh) = H°(Z, Lh). Since ip is an embedding, Z' must be Z, so h is strictly 
convex on A. The viceversa is implied by the following lemma. 

Lemma 2.2 Let Z be is a (possibly singular) toric variety proper over A 1 and 
let L be a line bundle on Z generated by global sections. Given any homogeneous 
symmetric variety G/H of rank I, let Z c be the complete toric variety associated 
to Z and observe that N H o(S) acts on Z c . Then there is a linearized line bundle 
L' on Z c generated by global sections and a Njjo(S) linearization of L' such that: 
i) the restriction of L' to Z is L; 2) for each S-fixpoint x of Z , the character of 
S on the fibre L'(x) is a regular weight. 

Proof. We can suppose that Z is smooth up to take a resolution of singu- 
larities of Z. Given any homogeneous symmetric variety G/H of rank I, let Y 
be the complete symmetric variety associated to Z. Recall that there is almost 
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spherical line bundle Lh on Y whose restriction to Z is L and let A be a regular 
spherical weight. There is a positive integer n such that (h + nA)|cr is a regular 
weight for each a G A(Z), so V = L/ l+n \ satisfies ours requests. □. 

We now can conclude the proof the proposition 12.21 Observe that, up to 
changing the linearization of Lh, we can suppose that the line bundle is as 
in the previous lemma. Moreover Lh" is ample on Z c and Lh is ample on Z 
because of the proof of the proposition ^. II The last point of the proposition is 
implied by the Demazure theorem (see |De| ) . □ 

Corollary 2.1 Let Y be a complete symmetric variety. The following condi- 
tions are equivalent: 

1. Y is projective; 

2. Z c is projective; 

3. Z is quasiprojective. 

Now we want to reformulate the proposition 12 . 1 1 using h c instead of h. 
Proposition 2.3 Let h be an almost spherical A-linear function, then 

1. h c is convex on A c if and only if h is convex on A and h\a is dominant 
for each a G A(l). 

2. h c is strictly convex on A c if and only if h is strictly convex on A and h\a 
is a regular weight for each a G A(Z). 

Proof. By the proof of the proposition ^. H it is sufficient to prove the following 
facts. If h c is an almost spherical convex A c linear function then h is a spherical 
A-linear function. If h c is also strictly convex on A c , then h\a is regular for 
each a G A(l). 

Given a G A(l), there is an element w € W 1 such that w ■ h\a is a dominant 
weight. h\o~ — w ■ h\o~ has positive values on |A| and w ■ h\a is the restriction of 
h c to w^ 1 ■ a. Let v be a vector in the interior of a, then (w ■ h\a)(v) = (h\a)(v) 
because of the convexity of h c . We have w ■ h\a = h\a because v is a vector 
inside the Weyl chamber |A|, so h\a is dominant. If h c is strictly dominant on 
A c , then h\a is different from w ■ h\a for each w G W 1 , so h\a is regular. □ 

3 Reduction to the complete toric variety 

In the following we will always suppose that Lh is an almost spherical line bun- 
dle, unless we will explicitly say otherwise. We start to study the multiplication 
of sections of two line bundles on Y. First of all, we want to show that this 
problem is equivalent to the similar problem on the complete toric variety Z c 
associated to Y. Let Lh and Lj. be any two line bundles on Y generated by 
global sections. Let 

M h , k : H°(Y, L h ) (8 H°(Y, L k ) — » H Q (Y, L h+k ) 
be the product of sections on Y and let 

m c htk : H°(Z C , L h \Z c ) ® H°(Z C , L k \Z c ) — ► H°(Z C , L h+k \Z c ) 
be the product of sections of the restrictions to Z c of these line bundles. 
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Theorem 3.1 Let and Lk be two almost spherical line bundle on Y gener- 
ated by global sections. Then Mh,k is surjective if and only ij ' m c h k is surjective. 

Proof. The necessity of the condition is implied by the surjectivity of the 
restriction maps from Y to Z c . Indeed if i : Z c — > Y is the canonic inclusion 
then m L hk o (i* <g) i*) = i* o Mh,k- Now suppose that m£ k is surjective. It 
is sufficient to show that the image of Mhk contains a basis of semi-invariant 
sections. If h and k are linear then Mhk is surjective by the theorem 10.11 In 
general, given v E H(Y,h + k) there are A £ H(Z c ,h) and p £ Ti(Z c ,k) such 
that = A + /i. Moreover there are elements Wi and W2 of M^ 1 such that 
101 • A and W2 • fi are dominant weights. Observe that v > w± ■ A + ui2 ■ [i 
on |A|. Moreover wi • A > h and w% ■ H > k because h c and k c are convex 
and invariant for the action of W 1 . Thus s h - Wl - x H°(Y, L Wl . x ) C H°(Y, L h ) and 
s k ~ W2 ^H°(Y, L^.ff) C H°(y, Lk). We know that ImM Wl . x , W2 ^ contains a low- 
est weight vector ip E H°(Y, L Wl . x + W2 .^) of weight -v. Thus s h+k-w 1 .\-w 3 .» (p 
is contained in s h+k ~ Wl ' x ~ W2 '^Im M Wl . XtW2 . ll C ImMh,h and it is not zero. □ 

We can prove the following proposition without assuming the surjectivity of 
m h k- Given two convex (Ax, A) linear function, say h and k, let II(Y", h, k) be 
the set of the weights of the lowest weight vectors contained in ImMh,k- 

Proposition 3.1 II(Y", h,k) is saturated with respect to the dominant order of 
the roots in </>. 

Proof. II(Y", h + k) is saturated because the simple restricted roots have 
negative values on |A|. Given v € II(Y", h, k) there are two weights A £ n(Y", h) 
and \x £ n(Y, k) such that v = A + Moreover there are element Wi, u>2 in the 
Weyl group W 1 such that w± ■ A and u>2 • n are dominant weights. Observe that 
v > w\ ■ A + ui2 ■ li on | A|, so v £ Y\{Y, w\ ■ \ + W2 -/x). Let v' be a spherical weight 
dominated by is, then i/ S II(Y", Wi ■ A + W2 ■ fJ,) because this set is saturated. 
Let ip be a lowest weight vector of weight v' . Because of the surjectivity of 
U,- ; .a..,-,,„ we have ip £ s h+k - w ^ x - W2 ^ImM Wl . XtW2 .^ c ImM h , k . □ 

4 Reduction to the open toric variety 

In this section we want to show that, given two ample line bundles on Y , the 
product of sections on Z c is surjective if and only if the product of sections on 
Z is surjective. Moreover we will study the relation between the sections of L\Z 
and the sections of L\Z C for any ample line bundle L on Y. Before we have to 
define some notations. We fix a cone a £ A(l) and we set Vh = h\a for each 
h £ SF(A, A x ), so H(Z, h) = Q h n (M + v h ) and n(Z c , h) = P h n [M + v h ). 
Given any one-dimensional cone r, we set p(r) as the primitive vector of r i.e. 
the more little not-zero vector of N n r. 

{ei, e;} is the basis of Nn dual to the basis {/i, ...,//} of Mr. We have to 
define a second basis {g\, ...,gi} of Mr because the fundamental Weyl chamber 
C + is more easily defined using the basis the fundamental weights than the 
basis of the simple roots. <?.; is a positive multiple of — u>i, more precisely — gi is 
the «-th fundamental weight of the unique reduced root system contained in <f> 
which share a basis with <j). g\,...,gi generate a lattice which contains M. Let 
{<7i, ...,gi} be the dual basis of {gi, ...,gi}. Observe that C + = a(—gi, —gi). 
Given a point p in Mr we will use the following notations: p = X^i/i = 
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Xi9i, using the "normal" coordinates for the basis {/i, /;} and the "dotted" 
coordinates for the basis {g±, ■■■,gi}. (In the following figures we consider the 
case in which the restricted root system is of type A 2 and Z is A 2 ). 




Proposition 4.1 Let Lh be an ample spherical line bundle on Y. Then Qh f~l 
C+ = P h D C+ and Q h = P h DC++ a(f u /,). 




The equations of Qh are of the form ^i x % > where the hi are positive con- 
stants. Thus Qh is stable by translation with respect to vectors in <t(/i, ■■■,fi), 
i.e. Qh + ©R + (/i) C Qh- Let Hj be the hyperplane of Mr generated by 
gi, <7j, gi, so the intersection of Hj and C + is a Weyl wall. Let Sj be the 
orthogonal reflection with respect to Hj. Observe that, if Ph contains a point 
p, then it contains all the translates of p by W , so it contains the orthogonal 
projections \(p + Sjp) of p to the hyperplane Hj. Moreover there is no vertex 
of Ph contained in Hj, because h c is strictly convex on A c . 

The function Hk associated to a polyhedron K has always finite values if 
and only if K is compact. Moreover, there is a decomposition in convex cones 
of the convex set {n G TVr : hx{n) G R} such that there is an one-to-one 
correspondence between the cones of such decomposition and the faces of K. 
Hence there is an one-to-one correspondence between the 1-dimensional cones 
of such decomposition and the semi-spaces that define K. Given a such cone r 
the associated semi-space is {m G Mr : m(f>(r)) > /i^(^(r))}. 

First of all we will show that PhC\C + — Q; l nC + . It is sufficient to show that 
Qft,nC + HMq G P h because Ph is closed. Given any m G Qh<~^C + HMq and any 
t G A c (l) we have to show that m(g(T)) > h c (g(T)). Because of the symmetry 
of A c , there are w G W 1 and r' G A(l) such that q(t) = w ■ q(t'). Observe that 
w^ 1 • to — to is a linear combination X^ c i/« °f the fi with positive coefficients, 
so m(g(T)) = m,{w ■ q{t')) = O" 1 • m)(£)(r')) = m(£)(r')) + E c 1 I % {q{t')) > 
m (ff( T ')) ^ h(Q( T ')) — h c (g{T)). We now can conclude the proof. The de- 
composition in cones of TVr associated to ft.p h nc+ has 1-dimensional cones 
{a(gi) 7 ...,<r(gi)} U A(l). h PhnC + has finite values on all TVr, it is equal to h on 
A| and vanishes on the vectors g\, ...,gi- The function associated to cr(/i, /;) 
vanishes on |A| and has value — oo on the complementary set. Thus their sum 
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is the function h associated to Qh and the proposition follows by the fact that 
Iiq + %Qt = Hq + q> for each polyhedrons Q and Q' . □ 

We can prove a stronger statement on the "rational" points of Qh and Ph- 

Proposition 4.2 Let Lh be an ample spherical line bundle on Y , then Qh H 

(v h + M) = p h nc+n (v h + M) + E- = i &~fi- 

Remark. Observe that H°(Z, L\Z) is a Oz<=(i? c )-module through the re- 
striction map Z c{Z c ) -> O z {Z) and H°(Z C , L\Z C ) is a Z c (Z c )-submodule of 
H°(Z, L\Z). This proposition implies that H°(Z, L\Z) is generated by H°(Z C , L\Z C ) 
as an Oz {Z)-module. 

Proof. Observe that fj is orthogonal to Hj and let /, = h(fi + Sj/j) for 
each i ^ j. Thus /, £ ifj for each i 7^ j and {/j}^ is a basis of iJj. — fa and 
— /j are distinct simple restricted roots, so fi = fi+ difj for a suitable positive 
integer dj. We have the following easy consequence of the proposition 14. II 

Lemma 4.1 Q h n H 3 = P h n flj n C*+ + 0^ 

Proof. Given p = p' + r ih £ Qh H i/j with p' € P/i fl C + and rj positive 
constants, we have p — \{p' + s^p') + r^ifj + Sjfi)- □ 

Let i?j = {p + a/i j p G Q/j, Pl-Hj and — 1/2 < a < 1/2}. First of all we want 
to describe the conditions for a point m € A/r. to belong to Rj. Fixed any j, we 
define another basis u\, it/ of Mr such that Uj — fj and Uj = if i ^ j. The 
conditions for a point p = ^ y^u^ to belong to Qh<~\Hj are t/j = plus conditions 
of the form niyi > n. Thus the conditions for a point p = ^2 yiUi to belong 
to Rj are the inequalities of the form Ylj-fj n-iVi > n that define QhClHj plus the 
inequalities —1/2 < yj < 1/2. The following fundamental lemma is the unique 
part of the proof in which we will use the strictly convexity of h c . (Remember 
that h c is strictly convex on A c if and only if Lh is ample). 

Lemma 4.2 Rj is contained in Q for each j . 




Proof. Observe that it is sufficient to show that P h C\HjC\C + + [-1/2, 1/2] /j C 
Qh because of the previous lemma. Because of the convexity of Qh it is sufficient 
to show that Qh contains the points p 1 ± (l/2)/j for each vertex p' of Ph Pi Hj. 
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Observe that the vertices of Ph fl ifj are orthogonal projections to Hj of 
suitable vertices of Ph- Indeed let p' a vertex of Ph fl ifj and let p be the 
endpoint different by p' of the segment intersection of Ph with the semi-line 
outgoing from p' and parallel to fj. If p is not a vertex of Ph then p is an 
interior point of a segment I contained in Ph- Thus p' is an interior point of the 
projection of I to if, and this segment is contained in Ph by the symmetry of 
Ph, a contradiction. 

If q' + afj with q' S Qh^iHj belongs to M + Vh , then sj (q' + afj) = q' — afj, 
so 2a £ Z. Moreover if q is a vertex of Ph f~l .Hj, then there is a constant a such 
that g + afj is a vertex of Ph , so it is sufficient to show that the intersection of 
Ph with the line parallel to fj and passing through any vertex of Ph H Hj is not 
a point. If there is a vertex p of P/j fl ifj without such property, then p is vertex 
of belonging to PTj , a contradiction. □ 

Now, we can conclude the proof of the proposition ^21 (look to the following 
figure). Let p be a point contained in Qh f~l (M + Vh) and suppose that p = 
^2 Xifi = iiQi. If ii < for each i, then p 6 p t n C + . Otherwise there is an 
index j such that ±j > 0. We know that p = p' + a ifi where p'ePn C + 
and the a,i are positive constants. If ij > 2 then aj > 1. Thus the point 
P _ Kl/i = P' + ( a i - [ a i])/j + J2i^j a ifi belongs to Q h n (M + and it has 
j-th coordinate with respect to {gi, ...,^} strictly less than 2 ([aj] is the integral 
part of aj). Moreover, this coordinate can be at most 1 because p — [aj]fj is a 
weight. We can suppose that it is exactly 1, so p — [aj]fj — (l/2)fj belongs to 
Qh H Hj and it is the projection of p — [cij]fj to Hj. Thus p — [aj]fj belong to 
Rj, so also p — [dj]fj — fj belongs to Rj and its j'-th coordinate with respect 
to {(/i, gi} is negative. Moreover p — (p — [uj]fj — fj) is a linear combination 
of the fi with positive integral coefficients. If there is an index k such that 
p — [aj]fj — fj has negative fc-th coordinate with respect to {gi, ...,gi}, then we 
reiterate the process. The process has to end in a finite number of steps because 
Qh is contained in the semi-space {^Xi > h(e\ + ... + e/)}. □ 




P 



Now we can prove the most important theorem of this work. 
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Theorem 4.1 Let Lh and L k be two spherical ample line bundles on Y . Then 
mh,k is surjective if and only if m c h k is surjective. 

One can easily show that the theorem is equivalent to the following more 
combinatorial statement: 

Q h n (v h + M) + Q k D (v k + M) = Q h+k n (v h+k + M) 
if and only if 

p h n (v h + M) + P k n (v k + M) = p h+k n (v h+k + M). 

Proof. The sufficiency of the condition is easy. Given a point p G Qh+k H 
(M + v h+k ) we know that p = p' + Y °ifi where p' 6 P h+k n C*+ n (M + v h+k ) 
and the Ci are positive integers. Moreover there are pt G Ph H (M + U/j) and 
Pa.. G P,t (~l (M + uj.) such that p' = p/j + p k . Thus p = (p h + J2 c ifi) + Pk and 
Ph + Yl °ifi belongs to Q h n (M + v h ). 

Suppose now that Q h n (v h + M) + Q k n (ffe + M) = Q^+fe n + M). Let 
m = z i.U = S ^»3i be a point in P/j+fe D (M + Vh +k ). We can suppose that 
to belongs to C + by the symmetry of the polytopes Ph and P k . By hypothesis 
there are two points p' G Qh H (M + w/J and gj £ ft fl (M + u^) such that 
Po + 9o = m - First, we will show that we can choose p' and q' such that p' 
belongs to Ph ■ Indeed we know that p' Q = po + w where p' G Ph H C + D(M + Vh) 
and to G © Z + /i, so m = po + Qo where qo := q' + w belongs to Q k Pi (M + v k ). 

Proceeding as in the proposition 14.21 we can define a sequence of pairs of 
points {(pi, <?i)}i=o,...,r with the following properties: 1) pi G Qh H (M + Vh) for 
each i; 2) qi d Q k D (M + Vh) for each i; 3) to = Pi + qi for each i; 4) (po, go) is as 
before; 5) (pi+i, gj+i) = (Pi+/j 4 , ft — /jj for a suitable j'j and 6) g r G Pfc. Indeed 
we can define the {gj} as in the proposition 14.21 and then we set pi = m — qi. 
Now it is sufficient to show by induction that we can choose the indices ji so 
that pi belongs to Ph for each i. We known that po G Ph- Now suppose that 
p n belongs to Ph by inductive hypothesis. Suppose that p n = J2 x if* = S ^-jffj 
and g n = X) Vifi = Vi9i- K In G Pfe w e define r = n and there is nothing to 
prove. Otherwise there is an index j n such that yj n > and it is sufficient to 
prove that p„ + fj n belongs to Ph- Observe that —ij n > 0, so — Xj n > 1 because 
it is an integer. Moreover Sj n p n = p n — Xj n fj n belongs to Ph- Thus Ph contains 
Pn + fj n because it is convex. Thus we can choose p n +i = Pn + fj n - D 

Remark. 1) The previous theorem is valid with the weaker hypotheses that h, 
k are convex and that h\o~, k\a are regular spherical weights for each a G A(7). 
Indeed these hypotheses implies that no vertex of Ph (respectively of P k ) is 
contained in a Weyl wall. 

2) Suppose that h = k is convex and that h\o~ is a regular spherical weights 
for each a G A(7). In this case one can show that Lh\Z is the pullback of an 
ample line bundle on a possibly singular toric variety Z' over A' . This suggests 
to consider only ample line bundles. 

5 Line bundles on an exceptional complete sym- 
metric variety 

Let Y be an exceptional complete symmetric variety, let Z be the associated 
open toric variety and let A be the fan of Z. Given an ample spherical line 
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bundle Lh over Y, we know that that the multiplication Mh,h of sections on Y 
is surjective if and only if the multiplication rrih.h of sections on Z is surjective. 
In this section we want to generalize this fact to the not spherical line bundles. 
Remember that Pic(X) is generated by the spherical weights and by the fun- 
damental weights uj ail ...,u> aa corresponding to the exceptional roots a±, ...,a s . 

Proposition 5.1 Let L^i be an ample line bundle on Y such that Mh' m is 
surjective and let a\,..., ai be positive integers. If we define h — h' + diU) ai 
then the product Mh,h of sections of Lh over Y is surjective. 

Proof. Observe that Lh is an ample bundle on Y. We will prove the propo- 
sition by induction on °>i- ^h,h is trivially surjective if a i = 0- We need a 
lemma on the maps Mh,u a . ■ 

Lemma 5.1 Let Lh be an ample line bundle on Y and let uj G {w ai , ...,u> aa }. 
Then Mh^ is surjective. 

Proof. In the following V£ is the unique subrepresentation of H°(Y,L\) 
which contains a lowest weight vector v\ of weight —A. We have H°(Y,Lh) = 
®xen(YM) " h - X Vx> H°(Y,L h+u ) = ® XeU(YM ^"X+A and H°(Y, L w ) = V*. 
The lemma is implied by the fact that, for each A e II(Y~, h), Mh,u,{s h ~ x v\®v UJ ) 
is a lowest weight vector of weight — A — u>. □ 

We now go back to the proposition. Let j be an index such that aj > and 
define h = h~ uj aj . We have the following commutative diagram 

H°(Y, L~ h ) ® H°(Y, L~ h ) ® H°(Y, L Ua . ) ® H°(Y, L^ ) ^ H °(Y, L h ) ® H°(Y, L h ) 

mi 

H°(Y, L 2l ) ® H°(Y, L^. ) ® H°(Y, L^ ) 

M 2h + W 

H°(Y, L 2h+ ^ ) ® ff°(F, ) . flO(y, L 27l ). 

mi is surjective by induction, m2 and M^. are surjective because of 

the previous lemma, so Mh,h is surjective. □ 

Theorem 5.1 Let Lh be an ample line bundle on Y. If rrih,h is surjective then 
Mhji is surjective. 

Proof. We know that, up to exchange on with 9(a.i) for some i in {1, 
there are positive integers ai,...,a/ such that the line bundle Lh', with h! = 
h — ^atWi, is spherical and ample. The restriction of Lh to Z is isomorphic 
to the restriction of Ly to Z, so mh>,h' is surjective. Thus Mh',h' is surjective 
because of the theorem |4.1l Hence Mh.h is surjective by the previous proposition. 
□ 



19 



6 Open projectively normal toric varieties 



Now we want to describe some families of open toric varieties such that, if Lh 
is an ample line bundle on a such variety, then the product rrih,h 01 sections 
is surjective. One family is formed by all the varieties of dimension 2 proper 
over A 2 . Moreover we will find an infinite number of varieties that have such 
property for every given dimension. In some cases we will prove that, given any 
two ample line bundles Lh and Lk on a fixed variety, then the product mh,k is 
surjective. In the following we will identify M with Z 1 . 

6.1 Blow-ups of A' 

Now we study the class of varieties that are blow-ups of A ( along an irreducible 
stable closed subvariety. 

Proposition 6.1 Let Z be the blow-up of A 1 along the irreducible stable closed 
subvariety associated to u(ei, ...,e r ). Let Lh and Lk be two line bundles gener- 
ated by global sections on Z, then the product of sections rrih,k is surjective. 

The inequalities for Qh are Zi > en for each i = 1, .., I and z\ + ... + z r > b. 
The inequalities for Qk are Zi > Ci for each i = l,..,l and z\ + ... + z r > d. Here 
di, b, Ci and d are suitable integers. Let to be any point in Qh+k H M, then 
there are fh\ <E Qh and m 2 G Qk such that rh\ + m 2 = to, but they may have 
not integral coordinates. We want to translate fn\ with respect to a "little" 
vector v so that toi + v and to 2 — v will belong respectively to Qh <~] Z z and 
to fl Z ! . If mi = (xi, x{) then Xi > a,. Let [xi] be the integral part of 
Xi and let a — —[([xi] — Xi)] (a is if Xi is an integer and it is 1 otherwise). 
[xi] + €i > [xi] > ai because the a, are integers. Likewise, if m 2 = (j/i, ...,yi) 
then [yt] + e t > [y t ] > d t and e, = -[([j/i] - j/i)]. If ([yi], [yi]) belongs to Q k , 
then we define mi = ([x\] + e\, [x{\ + e;) and to 2 = ([j/i], [yi])- Clearly 
these points satisfy our requests. In the same way, if ([xi], [x;]) belongs 
to Q h , then we define mi = ([xi], [x{\) and to 2 = ([j/i] + ei,...,[yi] + e{). 
Thus we can suppose that X)[=i[ x i] — ^ an( i Y^i=i[Vi\ — d. We define toi = 
([xi] + ei, [x s ] + e s , [x s+ i], [x;]) for an index s lesser than r and such that 
h(ei + ...+e r ) = J2 r i=ii x i\+J2i=i e i — TOi(ei + ... + e r ). There is a such s because 
Yn=ii x i] ~° is a negative integer, Yh=\{[^] + e i) > b + d ~ Z)i=i([l/i]) > b and 
6i e {0, 1} for each i. Moreover we define m 2 = m — mi. To verify that to 2 G Qfe 
it is sufficient to show that X)i=it2/»] + Z)i= s +i([f»] + £j ) - fc ( ei + ••• + e r)- This 
is implied by the inequality to 2 (ci + ... + e r ) = (to — mi)(ei + ... + e r ) > 
(ft + fc)(ei + ... + e r ) - ft(ei + ... + e r ). □ 

Now we study a similar family of varieties, but we require that the two line 
bundles Lh and Lk are equal. 

Corollary 6.1 Let Z be the open toric variety obtained from A 1 through the 
sequence of blow-ups along the subvarieties associated respectively to cr(ei,e 2 ) ; 
c(e 2 , e^),..., a(e r -i,e r ). Let Lh be any line bundle generated by global sections 
on Z , then the product of sections rrih,h is surjective. 

Proof. The inequalities for Qh are: Zi > at for each i = l,..,l and z\-\ + Zi > 
bi for each i = 2, ...,r, where the a% and the b% are suitable integers. Let m = 
(xi, ...,x/) € Qih^M = 2Qh n M. Observe that to' = (xi/2, ...,x;/2) e Q h and 
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m'+m' = m. We define = —[{\xi/2]—Xi/2)\, m\ = m'+(ei, 0, €3, e s , 0, 0) 
and TO2 = Tn — mi for a suitable s. If r is odd then we choose s = r, otherwise 
we define s = r — 1. These points belong to Qh nM because [a;j_i/2] + [xi/2] + 
(ej_i + £i)/2 > 6, for each i. □ 

6.2 Open toric varieties of dimension 2 and a singular fam- 
ily in dimension 3 

Now we consider the family of smooth toric varieties proper over A 2 . 

Theorem 6.1 Let Z be any smooth toric variety proper over A 2 . Let and 
Lh 2 be two linearized line bundles generated by global sections and suppose that 
hi and h 2 are strictly convex on the same fan, then the product of sections 
tnhiM * s surjective. 

The hypotheses mean that there is a variety Z' and two ample line bundle 
L' h and L' k over Z' such that Lh is the pullback of L' h and Lk is the pullback of 
L' k . We want to remark that Z' may be singular. 

Proof. Define a scalar product ( , ) such that f 2 } is a orthonormal basis. 
In this proof, when we will say that a side L of a polytope P is orthogonal to a 
vector v, we will always suppose that (p, v) > for each p € P (and (x, v) = 
for each x € L). Notice that a plane H is the locus of zeroes of Xie\ + x 2 e 2 € N 
if and only if it is orthogonal to Xifi + x 2 f 2 - 

Let /13 = hi + h 2 and let A be the fan of Z. It is obviously sufficient to prove 
that Qh 3 flM = Qfn DM + Qh 2 H M. We want to decompose each Qh t in more 
simple polyhedrons. More precisely we will decompose each in two types 
of polyhedrons with vertices in M: 1) cones of form p + a(fi, f 2 ) for a suitable 
point p and 2) triangles. These triangles will have a particular form, indeed we 
require that the fan associated to any such triangle T has 1-dimensional cones 
generated respectively by — ei, — e 2 and by an element of <r(ei, e 2 ). 





Qh 3 1 
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K ^5" " 
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P\ 





Let m = (x 1,2:2) be any point in Q(, 3 n M. If there is a vertex p 3 of 
Qh 3 such that m is contained in the polyhedron p 3 + o-(fi,f 2 ), then there is 
a maximal cone cr e A such that p 3 = hs\a = hi\a + h 2 \a and m belongs to 
(hi\a + a(f u f 2 )) + (h 2 \a + a(f u f 2 )) = p 3 + a(f u f 2 ) where h s \a + a(f u f 2 ) is 
the polyhedron associated to the pullback of a line bundle on A 2 . Otherwise 
there are two maximal cones ci and a 2 with the following properties. For each 
j let p\ = hj\o-i = {z\' 3 ,zl' 3 ), p J 2 = h 3 \a 2 = (z 2j , z 2 " 7 ), p J 3 = (zl'^zl' 3 ) and 
define T- 7 as the triangle with vertices p[, %P 2 and p 3 . Then T 3 = T 1 + T 2 and 
T 3 contains m. Indeed we can choose 01 and a 2 such that: 1) p\ , p\ are the two 
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X 3 2 3 X 3 

vertices of a side of Qh 3 ] 2) z x ' < X\ < z x ' . Observe that x 2 < z 2 because 

otherwise m belongs to (z\' 3 , z^' 3 ) + (T (/i; /a)- Moreover the fans associated to 
these triangles are equal to the fan with 1-dimcnsional cones cr(— e%), a(—e2) and 

a(a\ei + a 2 e 2 ) for suitable integers a\ and a 2 . Observe that p\ (respectively p° 2 ) 
is the vertex of T 3 not contained in the side orthogonal to —fx (respectively to 
—fi). Moreover we can suppose that 01/1+02/2 G c(/i + /2, /a) up to exchange 
/1 and f 2 . In the pictures we consider the case in which h\ = h%. 

We want to prove that (T 1 + ct(/i, / 2 )) n M + (T 2 + cr(/i, / 2 )) n M = (T 1 + 
T 2 + cr(fi,f 2 )) n M by induction on ai + a 2 . If ai + «2 = 2 the previous 
equality is trivially implied by the proposition 16.11 Otherwise we decompose 
T 3 in two triangles by intersecting T 3 with the line r 3 orthogonal to f\ + f 2 
and passing for the vertex pi . Observe that r 3 intersects the side orthogonal to 

23 X3 X3 23 

— /1 in the integral point q 3 = (z^' , z 2 + z-y — z x ' ). We have decomposed 
T 3 in two triangles: 1) the triangle T( with sides orthogonal respectively to 
— /ii —fii fi + I2 and with vertices p{, p 3 3 , q 2) the triangle Tq with sides 
orthogonal respectively to — /1, — /1 — /2, ai/i + 02/2 and with vertices p\, q 3 ' , 
p 2 . Observe that rj, rf and rf are parallel, so the fans associated to Tj 1 , T 2 
and T 3 (respectively to Tq 1 , Tq 2 and Tq) are equal. T 3 = T± + T 2 because each 
T( share two vertices with T 3 . In the same way we obtain that Xj 3 = Tq 1 + T5 2 . 
Notice that a(/i + f 2 , h) C tr(/i, / 2 ) so Tj + <r(/i + / 2 , / 2 ) C T 3 + a(f u f 2 ) for 
each j. Moreover aif% + a 2 f 2 = (01 - a 2 )/i + 02 (/1 + /2) and a\ < a\ + a 2 , so 
we can apply the inductive hypothesis. □ 




Now we consider a class of line bundles on varieties of dimension 3. This line 
bundles are the pullbacks of ample lines bundles on varieties which are usually 
singular. 

Proposition 6.2 Let A be the fan with maximal cones a{ei,e 2 ,aei + ae 2 -\-e 3 ), 
<r(ei, e$, ae% + ae 2 + e^) and o~{e 2 , e^, ae\ +ae 2 + e^) where a is a strictly positive 
integer. If h is a strictly convex A-linear function, then Q 2 h PI M = Qh flM + 

Qh n M. 
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Remember that h defines a line bundle generated by global sections on every 
toric variety proper over the toric variety associated to A. Moreover the toric 
variety associated to A is proper over A 3 and it is smooth if and only if a = 1 . 
(Look to the figure for an example). 

Proof. We want to proceed as in the previous theorem. We again define a 
scalar product such that {fi, f2, fs} is an orthonormal basis and we can again 
decompose Q2/1 in a simplex Pq and some cones p + er(/i, /2, J^)- Hence we can 
reduce ourselves to prove by induction on a that (2P + o~{v\, V2, 1*3)) H M = 
(P + cr(vi,V2, U3)) n M + (P + a(vi, V2, U3)) n M for each simplex P with faces 
orthogonal respectively to — v\, — «2, — V3 and to au 1 +C1V2 + V3 , where v%, V3} 
is an opportune base of Z 3 and a is a positive integer (observe that the polytope 
Pq satisfies such requests). We can suppose, up to a translation, that the origin 
is the vertex of P which does not belong to the face orthogonal to av\ + av2 + U3 . 
Let (—6,0,0), (0,-6,0) and (0,0, -c) be the other vertices of P. We have 
c = 6a, so c > 6. If a = 1 the equality is verified because of the proposition EE H 
Otherwise we decompose P intersecting it with the plane orthogonal to v± +V2 + 
V3 and passing through the vertices (—6, 0, 0) and (0, —6, 0). This plane intersects 
the side of P parallel to R«3 in (0, 0, —6). We obtain two simplices with integral 
vertices. The first one has faces orthogonal respectively to —v\, —V2, —V3 and to 
V1+V2+V3. This simplex has vertices (0, 0, 0), (—6, 0, 0), (0, —6, 0) and (0, 0, —6). 
The second simplex has faces orthogonal respectively to —v\, —V2, — v± —V2 — V3 
and to avi + av 2 + v 3 . This simplex T has vertices (—6, 0, 0), (0,-6,0), (0,0,-6) 
and (0, 0, — c). Observe that a{v\, 112, v± +V2 + V3) is contained in a{v\,V2, V3), so 
T+a(vi, 1)2, V1+V2+V3) is contained in P+a(v\, V2, V3). Moreover T is a simplex 
of the same type of P and av\ + ai>2 + V3 = (a — l)vi + (a — l)i>2 + {vi + 1>2 + W3), 
i.e. the coordinate with respect to the new basis are decreased. □ 
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6.3 Stable subvarieties 

In some case we can reduce the study of the product of sections of two ample line 
bundles to the study of the product of sections of the restrictions of these line 
bundles to irreducible stable closed subvarieties. First of all, Brion has proved 
the following proposition. 

Proposition 6.3 (See theorem 4 in [BI ) Let L be any line bundle gener- 
ated by global sections on a smooth quasi- projective toric variety Z. Suppose 
that either Z is complete or it is proper over A 1 . Then, given two cones 7 C 7' 
in A, the restriction 

LJ^(Zy,L\Z^) — ► H^{Z^' , L\Z^t ) 

is surjective. 

Proposition 6.4 Let Lh and L^ be two ample linearizated line bundles on a 
smooth toric variety Z . Suppose that either Z is complete or it is proper over 
A 1 . Let t be a cone in A(l) and let s be a global section of Lh+k which does not 
vanish on Z T . Lf s\Z T belongs to the image of the product m T h k of sections of 
the restrictions of Lh and Lk to Z T> then s belongs to the image of the product 
iTT-h.k of sections of Lh and Lk- 

Proof. Since there is a basis of semi-invariant sections, we can suppose that 
s is a semi-invariant section of weight /x, so [±(q(t)) = (h+ k)(g(r)). Because of 
the previous proposition, there are sections £ T(Z C , Lh) and s" £ T(Z C , Lt) 
such that mj lk (j2 s' z \Zc ® s'{\Z$) is s\Z$, so m h , k (E s- <8> s'() = s. □ 

6.4 Two families of open toric varieties of dimension at 
least 3 

Now we want to show that there is an infinite number of open toric varieties of 
any fixed dimension (greater than 2) such that the product of sections of any 
two ample line bundles is surjective. The principal instrument in what follows 
is the proposition 16. 41 We will consider a very special class of varieties. Indeed, 
given any ample line bundle L on a variety of this family, then H°(Z,L) is 
generated as a Oz(Z) module by the sections that do not vanish on a suitable 
divisor. 
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Proposition 6.5 Let Z n be the open toric variety obtained from A 1 through the 
sequence of blow-ups along the irreducible stable subvarieties associated respec- 
tively to a(ei,...,ei), cr(ei, ej_i, Ei=i e i) + e 0> cr ( e i= — ) e !-i> 2 (Z),=i e i) + 
e/),...,cr(ei, e/_i, i(2^i=i e *) + ei),...,cr(ei, e;_i, (n- l)(Ei=i e *) + e 0- Let 
Lh and Lk be any two line bundles generated by global sections on Z n , then the 
product of sections m^.k is surjective. 




ei e 2 

Proof. In the figure we have drawn the variety Z 3 with dimension 3. Observe 
that we have already considered the case n = 1 in proposition 16.11 so we can 
suppose n > 2. Up to changing the linearizations of the line bundles we can 
suppose that h(ej) — k(ej) = for each j. Observe that, if (Q/,nM)+(ftnM) 
contains a weight p, then it contains any weight p + ^2 a%fi where the a,i are 
positive integers. So we can consider only the "minimal" weights. We now prove 
the propriety of Z stated before the proposition. 

Claim 6.1 Let p be any weight in Qh+k H M and suppose that there is not a 
weight p' in Qh+k H M such that p 6 p' + <r(/i, •••,//)■ Then there is a cone 
t e A(l) such thatp(g(T)) = (h + fe)(^(r)). 

Proof. Observe that p(g(r)) = (h + k)(g(r)) means that any semi-invariant 
section of weight p does not vanish on the divisor Z T . The hypotheses imply that 
p—fi does not belong to Qh+k- Hence there is an i such that (p— /i)(*(Si=i e *) + 

e z ) < (/i + fe)(i(Ei=i e i) + e 0: so P(^(Ei=i e «) + e = + k )(i{Yli=\ ei) + ej). 
□ 

Now it is sufficient to prove the surjectivity of the product of sections of 
the restrictions of Lh and Lk to the divisor Z™ associated to cr(i(^-~^ e,j) + e;) 
for each i = 0, Zo is the blow-up of A 1-1 in the stable point; is the 

projective space of dimension / — 1 while the other Z™ are isomorphic to the 
blow-up of projective space in a point. Since Z™ dominates it is sufficient 
to study the product of sections of any two line bundles generated by global 
sections on Z™. 

Lemma 6.1 Let Lh' and be any two line bundles on Z™ generated by global 
sections. Then the multiplication of sections is surjective. 

Proof. We can suppose that h'iei) = k'(ei) = for each i. In the following 
we identify Z' _1 with the character group of the torus contained in Z™. We 
proceed as in the proof of the proposition l6.ll Given any point m in Qh'+k' with 
integral coordinates, there are rh\ £E Qh' and rhi € Qk< such that rh\ +rfi2 = m. 
Now we want to simplify the notation. In particular we will be evident that the 
problem does not depend on the dimension. Suppose that fh\ = (xi, ...,xi-i), 
^2 = (j/i 5 •••) Vi—i) and m — (zi, Zi—i). Let [xi] be the integral part of Xi and 
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let €i = -[{[xi] - Xi)]. We define mi = ([xi] + ei, [x f ] + e f , [xf+i], [a:j_i]) 
and m 2 = ([3/1],..., [y f ], [yr+i] + tf+i, — , + for a suitable f. Let 

* = Etl £ i. r = Ei=i e »i H = El=iN, a; = Eti^. M = El=i[j/»] and 

V = Ei=iJ/«- Let « = ^'(Etle,), 6 = -/i'(-Ei=iei), c = fc'(E'=ie») and 
d = — k'(— Ej=i We know the following inequalities: i) [a;] < a: < [a;] + i, 
[y] < V < [y] + i and < r < t; ii) a < x < 6 and c < y < d: iii) a + c < 
[x] + [y]+t = x+y < b+d. Observe that mi(E,=i ^*) = m i(E'=i e 'i) = N+ r i 
m 2 (E'=i 6i) — y an( i m 2(Ei=i 6j) = [y]+t — r. It is sufficient to show that 
there is r such that < r < i, a < [x] + r < b and c < [y] + 1 — r < d. Observe 
that r takes all the value between and t when f varies between and I — 1. 

1) If t + [x] < b we define r as min{[y] + t — c, t}. If [y] > c then r = t, so 
> [x] + i = [x] + r > x > a and c < [y] < y < d. If c > [y] then b > [x] + 1 > 

[x]+r = [x] + [y]+t—c > a+c—c = a and c = [y]+t—([y]+t—c) = [y]+t— r < d. 

2) Suppose now that [y] + [x] + t < b + c. If c — [y] is positive then we 
define r = t + [y] — c, so t — r = c — [y] (t + [y] > y > c so r > 0). In 
this case c = [y] + t — r < d and a < [x] + [y] + t — c = [x] + r < b. If 
c — [y] is negative then we define r = t, so c < [y] = [y] + t — r < d and 
a < x < [x] + 1 = [x] + r < c + b — [y] < b. 

3) Finally suppose that t + [x] > b and [y] + [x] + t > b + c. We define 
r = b — [x] , so a < [x] + r = b and d > [y] + [x] + 1 — b = [y] + t — r > c. □ 

We have proved that the "minimal" weights of ]J(Z n ,h + k) come from 
semi-invariant sections that do not vanish on a suitable divisor. Moreover we 
do not need to assume that Lh and Lk are ample. This fact are no longer true 
if we consider varieties whose fans are a little less symmetric. Notice that the 
fans of the varieties considered in the previous proposition are invariant for any 
automorphism of N which permutes the vectors of the basis, fixing e\. In the 
following we define a class of varieties without such symmetry and obtained by 
blow-ups from varieties of the previous family. 

Theorem 6.2 Let Z n be the blow-up of Z n along the stable subvariety associ- 
ated to <r(Ej=i e h e 2i ■••7 e i)- Let Lh be any ample line bundles on Z n , then the 
product of sections mh,h is surjective. 
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Proof. In the figure we have drawn the case in which / = 3 and n = 3. 
We introduce some notation to simplify the counts: w := e\ + 2Ej=2 e j an d 
v i : = *(Ei=i e i) + e i f° r eacn Moreover we suppose that h(ej) = for each j. 
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In the proof we allow Lh to be the pullback of an ample linearized line bundle 
on Z n , i.e. h(w) — h(v\). We want to prove the proposition by induction on 
h(w) and on the dimension of Z n . Observe that if h(w) = h(v\) then mh,h 
is surjective because of the previous proposition, while if the dimension of Z n 
is 2, then m.h,h is surjective because of the theorem 16.11 Suppose now that 
h(w) > h(vi). We want to prove that Q 2 h H M = (Q h n M) + (Q h n M) in 
a similar way to the previous proposition. Let a, = h(vi) and 6 = h(w). As 
before, if p belongs to (Qh f~l M) + (Qh (1 M) then p + Z + /a is contained in 
(Qh n M) + (Qh (~1 M). Thus we can suppose that m — fi does not belong to 
(Q2hHM), so either there is an i such that m(uj) = dj or m,(w) — 2h(w) S {0, 1}. 

Either we have to study a divisor or m(w) — 2h(w) + 1. One can easily 
verify that the only divisor that we do not have already considered is Z™,-.. 
This variety can be studied in a very similar way to the divisor Z" of Z n , so 
we left the details to the reader. Thus we can suppose that m(w) = 26+1. We 
now want to write some necessary conditions to the strictly convexity of h on 
the fan A associated to Z. The conditions (h\o~(v\, w, e;_i))(uj) > h(vi), 

h\a(w,e 2 , ...,ej)(«i) > h(vi), h\a(vi,ei,e 3 , ...,ei) (e 2 ) > h(e 2 ) 7 h\a(vi, e x , e 3 , ...,e;) 
(iu) > fe(iu) and /i|cr(«i, ei, e 3 , ej)(ui) > imply: 

Oi + (i - 1)6 < (2i - l)oi Vi 

6 > ai > 0, 2ai > 6, zai > a». 

Let A be the fan of Z n , let A' be the fan of Z n and let h' be the A linear 
function such that h'(ei) = 0, h'(vi) = h(vi) and h'(w) = h(w) — 1. We need 
the following easy lemma on bl which we will not prove. 

Lemma 6.2 b! is convex on A and is strictly convex either on A or on A'. 

By induction we can suppose that my ,w is surjective, so we can suppose that 
there are two points mi S Q^nM and m 2 G Qh' nM such that mi+m 2 = m. If 
m 2 belong to Qh then m £ Qh<lM + QhHM. Otherwise we have m 2 (w) =6—1 
and mi(w) =6 + 2. Write mi = (xj, x{) and m 2 = (yi, ■■.,yi). 

We can suppose that mi — ft Qh because m 2 + fi E Qh- Thus there is i 
such that mi (vi) = a,. Moreover we can suppose that (mi+/i-/j,m2-/i+/ 3 ) 
does not belong to Qh x Qh' for any j = 2, Z — 1, so Xj = or yi = 0. If 
2/i=0 then 2ai — 1 > 6 — 1 = m 2 («;) = 2'Y^Vj = 2m 2 (v\) > 2ai, so we have 
obtained a contradiction. Hence yi ^ and = for each j = 2,..., I — 1. 
Suppose that there is i > 1 such that m\(vi) = ix\ + xi = ai, then we have 

(2i — l)ai < (2i — l)(xi + xi) = mi(vi) + (i — l)mi(w) = 

= Oi + (i- 1)(6 + 2) < (2i - l)ai + 2i-2, 

so < (2i — l)(xi + xi — ax) < 2i — 2 (remember that ai + (i — 1)6 < (2i — l)ai). 
We have x\ + x\ = a\ because x\ + xi — a\ is an integer. Observe that we have 
showed that mi(v\) = x\ +xi = a± or mi(ej) — xi — 0. In the last case we have 
x 2 = ... = xi = and x\ =6 + 2. We can suppose that (mi — fi, m 2 + /i) does 
not belong to Qh x Qh', so there is s > such that mi(v s ) — a s < s. Observe 
that mi(v s ) = sx\ = sb + 2s, so a s < sb — mi(v s ) — 2s < a s — s < a s , so we 
have obtained a contradiction. 
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Finally we can suppose that Xj = for each j = 2, I — 1, x\ + xi = a\ 
and Xi + 2xi = b + 2, so x\ = 2a\ — b — 2 and xi = b + 2 — a\. Moreover we 
can suppose that (mi + /i — /;,m 2 — fi + fi) does not belong to Qh x Qh>, so 
= 0, yi = or there is i > 1 such that e := m 2 («i) — < i. Observe that we 
have already considered the first two cases. 

We have at < mi(«i) = ix\ + xi = (2i — l)ai — (i — 1)6 — 2(i — 1), so 
(2i - l)ai > a 4 + (i - 1)6 + 2{i - 1). Finally 

(2i - l)ai < (2i - 1)(£ % ) < (2i - l)yi + (3t - 2) ^ % + (2i - 1) W = 

= m 2 (vi) + (i - l)m 2 (w) = (i — l)(b — 1) + aj + £ = 
= (i - 1)6 + ai + 2(i - 1) - 3(i - 1) + £ < (2i - l)ai - 3(i - 1) + e, 
so 3(i — 1) < £ < i — 1, a contradiction. □ 
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